Introduction to Quantum Computing

Lecture 2
The rules and math of quantum mechanics

Enter the Qubit

First we start out with the basic block of quantum computing. Analogous to the bit in classical computing,
there is a quantum bit in quantum computing. A classical bit is a 2 state system, with the states denoted O
and 1. A classical bit is always in one of those states or the other, and measuring the state return a 0 or 1
with certainty.n bits can be in exactly one @f* different ordered states, usually deno@éd . . . 00,
000...01,...,111...11.2

Quantum bits (which we shall call qubits) similarly can exist in two states, which wéogalhd|1).

However, they behave as if existing in many “in between” states. A quantum bit can be physically
represented by any two state (or more) system, such as electron spin up and down, photon energy states,
atomic energy levels, molecular vibrational freedom, and many others. For our purposes we assume
physical representations are available (they are).

To make the concept of a qubit precise, we define
Definition 1 (Qubit). A qubit (or quantum-bit) is a unit vector ift2.
Definition 2 (State vector). Thestateof a quantum system is a (column) vector in some vector space,
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2“There are only 10 kinds of people in the world. Those who understand binary and those who don't.”

written [1)).

With this definition, we fix an orthonormal basis of (column) vectors, labelige= () and|1) = (). It

will turn out that physicallywe can only distinguish orthogonal quantum statbss the orthogonal
requirement. And considerations of probability will make the normality convenient, thus we fix an
orthonormal basis. Any such basis@f will work, but we choose the above representations since they are
good to work with. Finally, we make a qubit a unit vector because, again, it makes calculations cleaner,
and has some physical significance.

Now for the differences from classical bits. A qubit canawgy unit vector, not just those corresponding to
|0) and|1). A qubit can be in the state

|0) + B|1) @
wherea and3 are complex numbers, witla|? + |32 = 1. While it only takes one “bit” to fully describe
the state of a classical bit, it takes two complex numbers to completely describe the state of one qubit,



How to “Measure” a Qubit

In principle you could store the knowledge in the Library of Congress on one qubitpbutould never
retrieve it When you read out the value in a qubit in the state in equation 1, it reftirmsth probability
|a|?, or it returns|1) with probability |3|2, and then the qubit assumes the state just returned.
For example, suppose we have a qubit in the state
1 1

= |0+ —=

V2 V2
What are the odds that it returngla when measured? f)?

This generalizes to multiple qubits as we soon see.

) )+ =) @

One last point is worth mentioning - there is a useful way to visualize operations on a single qubit, using
the Bloch sphere It will turn out that under obervation, statgs) ande? |¢)) have the same behavior, so

we can modify a state up to the phagewherei = v/—1. So given a single qubit statg0) + 3|1), we

can remove a phase to write

) 0 ; 0
al0) + B]1) = e (cos 5\0) +e”’sin§\1>> 3)
Since the phase out front has no effect on measurements, we ca@rnde for spherical coordinates
Tz = cospsinf 4)
y= sinpsind (5)
z= cosf (6)

This allows us to picture a qubit as a point on a three dimensional sphere, and visualize operations upon a

qubit.

Unfortunately, this has no known generalization to multiple qubits



Qubits Galore

Similar to concatenating classical bit to gebit “bitstrings”, we concatenate qubits to get larger systems.
Two qubits form a space spanned by four vectors

0) ®0), 10) @ [1), [1)©]0), and[1) & 1) @)
where we will define the “tensor product’ in a moment. Shorthand for the above expressions is
|00), [01), |10), and|11) 8)

Definition 3. Thetensor product of two vectors: = (21,22, ..., 7,)T andy = (y1,ya,--.,¥m)? asthe
vector innm dimensional space given by

T1Y1
T1Y2
1y
T2y
TRy = = | T1Ym 9
T2Y1
Tny
mnym

Homework 1. Check this definition does not depend on a choice of basis.

Now we can check the second basis element (dictionary ordering)

o) =10 1) (10
=) ® @) 1)

0

(1) |t
“Loo) o o

0

and we get the second usual basis elemefit'ofThis works in general; that is, the vector corresponding
to the staten) wheren is a binary number, is the: + 1) standard basis element. We also use the
decimal shorthand sometim¢g82) is the 33rd standard basis vector in some space which would be clear

fraom ~rAantave



Together we writdj|k), which is the “braket” of statelg) and|k). Since the states are orthonormalk)
is 1 if and only ifj = k, otherwise it is zero. We extend this inner prod{iet —) to general states via
linearity. Thus stateB)1) = Y a;|j) and|y2) = 3 Bi|k) give

(rlpe) =32, @5 2ok Belk)
= Zj,k-, a;ﬁk(]‘k> = Za:rbﬁnl

So we have the equivalent notations for a 5 qubit state:

1) ®10)®0) @ |1) @ |0)

110010)
|18)

It is worth noting that not all composite states are simple tensor products of single states. One of the
simplest is one of the 2 qubit Bell stateh, = % This is an example of aantangled statevhich
turns out to be a very useful computational resource later.

Homework 2. Prove 3y is not of the form«) @ |»).

When appropriate, we may drop the normalization factor to clean up calculations. Then we could write
Boo = |00) + |11), with the understanding this needs to be normalized.

Measuring revisited
Now - how about measuring these states? An arbitrary 2 qubit state is
[¥) = @00]00) + c01(01) + cv10[10) + c11]11)
with complex valuedy;;. Requiring} |ovi;|? = 1is called the “normalization requirement”, and we
assume all states are normalized. Sometimes to avoid clutter we will drop the coefficients.

Suppose we only the first qubit @f). We will obtain|0) with probability || + a1 |?, that is, we
obtain a state with probability equal to the sum of the magnitudes of all states that contribute. After
measuring, we know the first qubit[i8), so only those type of states are left, causing the new state to be

0[()0‘00> + CM01|01>

[9) =
Vlaool* + |aor 2



Qubit evolution

We would like our quantum computers to work similar to classical computers. Classically, a very basic
operation at the bit level is the NOT gate, which flips bits, thétliecomed and1 becomes$. So the

quantum version would take the stat@®) + 3|1) XoT, B]0) + «|1). Itis east to check the matrix

01
X = (15)
10

performs the desired operation, by multiplyigon the left of the state. The namigis historical, and we
will see the exponential ok rotates qubits around the x-axis on the Bloch sphere. Siheets like a
NOT gate on a qubit, it is often called the NOT operator.

For fun, we compute “the square root of NOT.” We want an opergfdOT that when applied twice to a
qubit, has the effect of NOT. This procedure will be useful when we need to construct quantum circuits
and when we explain exponentials.

In general, given a functiofi(t) of one complex variable, we extend this definition to diagonalizable
matricesM = diag(m, ms, ... m,) via:

f(M) = diag(f(m1), f(m2),. .-, f(mn)) (16)

Since we want/X, we need to diagonaliz&. Note the eigenvectors of are(;) and(,). Setting a

matrix P with these as column vectors, we have under this basis change the diagonal matrix

Pxp-l_ 11 01 i3
1 -1 10 i -1
B 1 0
0 -1
Applying f(t) = v/, and changing the basis back gives
Py Loy, i3 1o 11
0 -1 i -3 0 i 1 -1

,/1+2' 1—2'\



A universal quantum gate?

It is a basic result in computer science that any circuit can be built with NAND gates, which performs the

following operation on two bita andb:
a\b| 0|1

0 |11
1 ]11]0

Any function onn bits can be built up from NAND gates. However the general function requires
exponentially many gates, so in practice we are restricted in the functions we utilize.

So is there a similar “gate” for gquantum computing? Yes, and no. It will take a while to answer this
precisely, but there are finite (and small) sets of gates sufficieagpgmximateany desired quantum
operation to any degree of accuracy in an efficient mafner.

To understand what operations we can physcially apply to a qubi (or set of qubits), we are led to study
rules from quantum mechanics. It has become clear that abstract models of computation and information
theory should be derived from physical law, rather than as standalone mathematical structures, since it is
ultimately physical law that determines computability and information. Observation has led researchers to
believe that at the quantum level, the following two facts hold:

e All quantum evolution is reversible. That is very unlike the classical case, where for example NAND

aThe Solovay-Kitaev theorem says that for any ddten a single qubit, and given amy> 0, it is possible to approximate to a
precisione using© (log®(1/¢)) gates from a fixed, finite set, whete< ¢ < 2. Deteminingc is an open problem.
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is not reversibl®. This is illustrated by the fact that an electron in orbit does not emit radiation and
spiral into the nucleus.

e Quantum evolution is linear. That is, if an experiment is done on the [§fagad on the statd), then
when performed on mixed states the resulting state is the same state as if the initial two answers were
added:

So we are left with “reversible” linear operators on the states, that is, matrices! Since the resulting state
should satisfy the normalization requirement also, it turns out thatiaitgry operation is allowed.
RecallUU unitary mean&/Ut = I. We now have :

Quantum Mechanics Postulate 2: State EvolutiorThe evolution of alosedquantum system is
described by anitary transformation That is, the state of a system) at timet; is related to the state
|¢") at timet. by a unitary operatot’ which depends only on the timésandt.,

lahY = [T 1) (17)



(we also combine some previous facts here for the heck of it)
Definition 4. LetH, A, B,U be linear operators on a vector spate

1. H' is the conjugate transpose of H.

2. H is Hermitian or self-adjoint if 7 = H'.
3. |[¥) is a column vector.

4. (| is the dual toly), defined(v| = |v)T.

5. [¥) = [)|d) = [¢) ® |¢).

6. [A,B] = AB — BA.

7. {A,B} = AB + BA.

8. Aisnormalif ATA = AAT,

9. Uisunitary if UtU = I.

10. Ais positiveif (¢)|Alsp) > 0 for all 4.

11. (y|A|¢) is the inner product of) and A|¢).
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12. We define specific matrices (the first 4 are the Pauli matrices)
oo =1,

o1

0 —1
0'2:0' = = y
Y i 0
1 0
o3=0,=27= ,
(0 —1)

Il
S
B
Il
Il
//
)
o =
N~ —



15. Define the three rotation matrices:
) 5(0/2) —isin(6/2
Ry (0) = e 9Xi/2 = cos §T —isin §X = ( cos(9/2)  —isin(6/2) )

—isin(6/2) cos(6/2)

cos(0/2) —sin(6/2) )

Ry(0) = e %Y/2 = cos 2T — isin 2y =
sin(6/2)  cos(0/2)

_ e—i9/2
R.(0) = e 9%/? = cos g[ —isin %Z = )
0 e'L9/2

16. For a composite quantum systeti3, thepartial traceis an operator from density operators ahB
to density operators oA defined for tz (Ja1)(az| @ |b1)(b2]) = (b2]b1)|a1)(az|, and extended by
linearity. On matrices: letlim A = n, dim B = m, then it takes ann by mn matrix, and replaces
eachm by m sub-block with its trace to give @ by n matrix.

17. TheBell Statesare the 2-qubit basis states

R (20)
) = R0 1)
o) = L (22)
o) = SR 23)
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Note: The four Pauli matrices/( X, Y, andZ) have significance, since they form a basis of all linear
operators on one qubit, and correspond to similarly named actions on the Bloch sphere.

We can write operators lik& in an equivalent operator notation, which is often convienent to use in
calculations. Noting tha{0| is a row vector, thefD) (0| is a2 x 2 matrix. We can writeX as:

X = [0)(1] + 1)(0]| (24)

= o1+ ©)o (25)

_ 0 1 N 00 _ 0 1 (26)
00 10 10

This is interpreted quicklyX sends state 0 to 1, and vice versa.

Example: As an example calculation, we compyt& |l ® X|510) two different ways. The first way is

e iy vt m ot mom e N mtim vt ~dNN 1 0 0 ONT A A1\ VN N B BV A



For the other method, note as operators we can rite|0) (0] + |1)(1|, andX swaps basis vectors,
giving X = |0)(1| + |1)(0|. Then we have

ToX = (|0)0]+[1){1]) @ ([0){L] +[1){0]) (30)
= |00)(01| + |01)(00| + [10)(11] + |11)(10] (31)

where we used the fagt) (b| ® |¢)(d| = |ac)(bd|. Apply this and use orthonormality,
(Bool1 @ X|Bro) = (2LHL) (00) (01] + J01)(00] + [10)11] + [11)(10]) (P22 ) (32)

_ (%)2(0+0+0+~-+0) (33)
= 0 (34)

where we get terms liké0|00)(01|00) = 1-0 = 0.

Homework 4. Write the matrices above in operator form for practice.

Homework 5. Compute the eigen-values and eigen-vectors for the matrices defined above. They will be
useful.

Homework 6. Understand the behavior of each matrix above on the Bloch sphere representation of a
qubit.
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Useful linear algebra theorems
Theorem 5 (Cauchy Schwartz Inequality). | (v|w)|? < (v|v)(w|w)
Theorem 6 (Spectral Decomposition).Any normal operatof\/ on a vector spac&’ is diagonal with
respect to some orthonormal basis fér Conversely, any diagonalizable operator is normal.

Proof. Sketch: Induct ol = dim V. d = 1 is trivial. Let A be an eigenvalue af/, P the projector onto
the \ eigenspace, an@ the projector onto the orthogonal complemeht.= PM P + QMQ is diagonal
with respect to some basis (strip off an eigenvalue one at a time...) O

Check: There is a matri®, with unit eigenvectors as columns, so ti#a¥/ Pt is diagonal, with entries the
eigenvalues.

Theorem 7 (Simultaneous diagonalization).Supposed and B are Hermitian operators on a vector
space V. Thefd, B] = 0 < there exists an orthonormal basis such that bdtand B are diagonal with

nnnnnn + 4+ +thhAat A



ThenA =UJ = UJUTU = KU with K = UJUT. ThisK = VAAT, O
Theorem 9 (Singular value decomposition).Let A be a square matrix. Then there exists unitdhand
V', and diagonalD, such that

A=UDV

The diagonal elements @ are called singular values od.

Proof. By polar decompositiond = S.J for S unitary andJ positive. By spectral = TDT, T unitary,
D diagonal with nonnegative entrie. = ST andV = TT completes the proof. O

Theorem 10. Every unitary2 x 2 matrix can be expressed as

e 0 ez 0 cost —sind ez 0
: S R (35)

0 e 0 e =2 sin 3 cos 3 0 e 2

Note: Notice the third matrix is a usual rotation in the plane. The 2nd and 4th matrices are Z-axis rotation
on the Bloch sphere, and the first matrix is merely a phase shift of the entire state. This decomposition
gives some intuition of how a single qubit operator acts.
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Theorem 11 (Z-Y decomposition for a single qubit). U is a unitary operation on a single qubit. Then
there are real numbers, (3, 9, v such that

U=¢e“R. (B)Ry(7)R.(5)
Note: Similarly there areX-Y, Z-X, etc. decomposition theorems.
Theorem 12 (ABC corollary). Supposé/ is a unitary gate on a single qubit. Then there are unitary

operatorsA, B, andC, such thatABC = I, andU = e**AX BXC, wherea is some overall phase
factor.

Proof. Apply theorem 11 witd = R, (8)R,(v/2), B = R, (—v/2)R.(—(5 + 3)/2), and
C=R.((6-8)/2). =

This weird looking theorem becomes very useful when trying to construct quantum circuts. It allows one



Useful linear algebra facts!
Here are some facts that help in computations and proofs when dealing with quantum computing.

1. Any complexn x n matrix A can be written as a sum of 4 positive Hermitian matricés: B + iC
with B, C HermitianB = % (A* + A), andC accordingly. Then any Hermitiai can be written as
the sum of 2 positive Hermitian matricés= (B + A\I) — AI where—)\ is the most negative
eigenvalue oB.

2. Every positiveA is of the formBB*.

3. |a1){az| ® |b1)(b2| = |a1b1){azbs| (useful in partial trace operations).

4. Trace of ketsjy)) = 3, - a;;|ij), when converted to a density matyix= |¢)(¢[, and then trace is
taken over thg, givestrg(p) = 3, (Zj |ai$j\2) |i)(i|, so it seemsrp(|y)) should be something

like 37, />, la; 412 [4). In particular, tracing out some columns|iii1010) removes those columns,
but the new kets are not a simple sum of the previous ones... It may be ok to sum probabilities, then
sqrt when collapsing, but | am not clear.

5. Unitary also satisfie§ Ut = I, soU is normal and has spectral decomposition (all QC ops unitary!).
6. Unitary preserves inner products.
7. Positive= Hermitian = normal.
8. Af A'is positive for any linear operatot.
9. Tensor of unitary (resp Hermitian, positive, projector) is unitary (resp,...).
21
a b\ ) d -b
10. If P = is invertible, thenP~! = —1—
c d o —c a

11. Given eigenvectors; andv, of B, with eigenvalues\; and\,, let P = ( vy Uy ) Then the
diagonalD is
A 0
p=|" = P'BP
0 A

12. W is a subspace df with basis|i). Projection tolV is P = 3. |i)(i|. @ = I — P is the orthogonal
complement.

13. Eigenvectors with distinct eigenvalues of a Hermitian operator are orthogonal.



Some basic identities
There are lots of identities between the operators we have above which will be useful in reducing circuits
later on. This is a good place to list some.
[X,Y]=2iZ [V,Z]=2X [Z X]=2iY
{040/} =20ij if i,j#0 oZ=1
R.(5)R(5)R(5) = "2 H
XYX =-Y = XR,(§)X = R,(—0)
HXH=7 HYH=-Y HZH=X
HTH = phase * RI(Z)

C'is CNOT, X is X acting on qubitj, etc.

CX1 X = XX, CYiC = "X,
czZ,C = 74 CX,C = X
CY—QC = Z1Y2 CZQC = leg

R..1(0)C = CR..(0) R, 2(0)C = CRy2(0)

Fori,j =1,2,3, 050, = §d + izle €;r101 Wheree,y, is the antisymmetric tensor on 3 indices.
Homework 7. Check these identities using the matrix form and the operator form to gain mastery of these

calculations.
3Exercise 2.43 in Neilsen and Chuang. All of these identites appear in the book, as exercises or in the text.
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Measuring the qubits

The final operation we need to understand about qubits is, how can we get information back out of them?
The process is called measurement, and there are several equivalent ways to think about it. We will cover
the easiest to understand, intuitively and mathematically. However, to gain the precise control over
measurements, we will have to resort later to an equivalent, yet more complicated, measurement
framework.

Quantum Mechanics Postulate 3: State MeasuremefiQuantum measurements are described by a
collection{/,, } of measurement operator$hese are operators acting on the state space of a system
being measured. The indexrefers to the measurement outcomes that may occur in the experiment. If the
state of the system j&) immediately before the measurement, then the probability that resodicurs is
given by

p(m) = (Y| M, My |9) (36)



Distinguishing state$ODO:
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Combining states and partial states

Quantum Mechanics Postulate 4: State CombininyThe state space of a composite physical system is

the tensor product of the state spaces of the component systems. Moreover, if we have systems numbered
1 throughn, and system numberis prepared in the state);), then the joint state of the total system is

1) @ [Ya2) @ ... [Yhn).

TODO: partial trace

And that is all there is to quantum mechanics (as far as we are concerned). These four postulates form the
basis of all that is known about gantum mechanics, a physical theory that has stood for over seven decades,
and is used to explain phenomena at many scales.

However, quantum mechanics does not mesh well with the other main intellectual achievement in
theoretical physics in the 20th century, relativity. Combining these two theories into a unified framework



The No Cloning Theorem

Theorem 13. The No Cloning Theorenit is impossible to build a machine that can clone any given

quantum state.

This is in stark ccontrast to the classical case, where we copy information all the time.

Proof. Suppose we have a machine with two slotsfor the quantum statg)) to be cloned, and3 in

some fixed initial stat¢s), and the machine makes a copy of the quantum stagy the rules of quantum

mechanics, the evolutioi is unitary, so we have

) ®1s) & ) ® )
Now suppose we have two states we wish to cloteand|ye), giving
U(l)@ls) = ) @)
Ullp)@[s) = o) ®lp)
Taking the inner product of these two equations, and uBifig+ =:
({pl® (sNUTU (W) @ ls) = ({el® (pl) (1) ® )

(ple)(sls) = (el)(ely)
(plb) = ({elv))?

This has solutions if and only ifp|¢) is 0 or 1, so cloning cannot be done for general states.

2There is a lot of research on what can be cloned, how much information can be cloned, etc.
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Reasons, Part 1

The reasons we define a qubit and multiple qubits as aboveli®DO:

TODO: evolution via Schrodinger...

(39)

TODO: density operator, bell inequality, mixed, pure, reduced state, partial trace, Schmidt decomposition

TODO: explain other measurements
TODO: projective measurements

TODO: add operator form of matrices, and how to compute

TODO: give some formula, etc, and explain decomposition of single qubit formula, and X-Y decomp, etc

TODO: need partial trace operation, etc, density matrix formulation

TODO: nrobleme - and work o1it eome calenilatinne



Next time
Definition of Turing machine, computability, Halting problem
Circut construction - AND, OR, NAND, XOR, FANOUT, half adder, arbitrary function computation.
Universality of NAND.
Uniform circuit families.
Complexity classes?, NP, coNP, PSPACE, EXP, L, BPP.
Problems: 3SAT, 2SAT, sorting, and more.
Energy and computation.

Fractran (how to get all primes from the “program”
17.78.19.23.29,77.95.77. 1 ,11,13,.15.1.,55

91785’ 512 3873372972319’ 17137117 27> 17°

Fun fun fun.
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